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ON THE CONSTRUCTION OF MINIMAL FOLIATIONS BY
HYPERBOLIC SURFACES ON 3-MANIFOLDS
FERNANDO ALCALDE CUESTA, FRANC¸OISE DAL’BO, MATILDE MARTI´NEZ,
AND ALBERTO VERJOVSKY
Abstract. We describe several methods to construct minimal foliations by
hyperbolic surfaces on closed 3-manifolds, and discuss the properties of the
examples thus obtained.
1. Introduction and motivation
Foliations by surfaces generalize compact surfaces in many ways. Poincare´’s Uni-
formization Theorem tells us that most compact surfaces are hyperbolic –namely,
those with negative Euler characteristic. In a similar way, many (arguably most)
foliations by surfaces are hyperbolic in the sense that they admit a Riemannian
metric along the leaves with constant curvature −1. In the 1960’s, Lickorish proved
that any closed orientable 3-manifold admits a foliation by surfaces, but in his con-
struction there is always a toral leaf that bounds a Reeb component. Some explicit
descriptions of foliations by hyperbolic surfaces appear in the works of Calegari,
Fenley, and Gabai, who, motivated by the work of Thurston, used foliations and
laminations in the study of 3-manifolds.
On the other hand, the geodesic and horocycle flows over compact hyperbolic
surfaces have been studied in depth since the work by Hopf and Hedlund in the
1930’s. The minimality of the horocycle flow for foliations and laminations by
hyperbolic surfaces has been recently dealt with in several papers by the authors and
Matsumoto, see [2,3,24,25]. Specifically, in [3], we showed the following dichotomy
for any foliation F by dense hyperbolic surfaces on a closed manifold M : Either all
leaves of F are geometrically infinite (i.e. with non finitely generated fundamental
group) or the leaves without holonomy are simply connected and all essential loops
represent non trivial holonomy. In the former case (where all leaves have infinitely
many ends, infinite genus, or both), we proved that the horocycle flow on the unit
tangent bundle of F is also minimal (i.e. all its leaves are dense).
Thus, from this double perspective, we are interested in knowing which 3-manifolds
admit foliations by hyperbolic surfaces, and we ask ourselves: Given one of the eight
Thurston geometries, is there a manifold M , admitting such a geometric structure,
and having a foliation F by hyperbolic surfaces? Of which type? As proved by
Yue in [38, Theorem 1], if a compact 3-manifold M admits a foliation by surfaces
of negative curvature, then its fundamental group π1(M) must have exponential
growth. Therefore, Yue’s theorem implies that any closed 3-manifold admitting a
geometric structure of type S3, S2 × R, R3 or Nil does not admit a foliation by
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hyperbolic surfaces since its fundamental group is finite or infinite with polynomial
growth. On the contrary, for each of the geometric structures Sol, H2×R, S˜L(2,R)
and H3, there are manifolds admitting minimal foliations by hyperbolic surfaces.
Any closed orientable 3-manifold modeled on the solvable group Sol is the
quotient T3A of the product T
2 × R by the Z-action generated by f(x, y, t) =
(A(x, y), t + 1), where A is a linear hyperbolic automorphism of T2. The suspen-
sion of A gives an Anosov flow on T3A, which is induced by the vector field ∂/∂t.
The center-unstable foliation F of this flow –namely, the foliation induced by the
product of the unstable foliation F+A associated to the eigenvalue |λ| > 1 and R–
is a foliation by hyperbolic surfaces. As we shall see in Theorem 3, since the fun-
damental group of T3A is solvable, it does not admit a foliation with geometrically
infinite leaves.
As for 3-manifolds which are either modeled on H2 × R or S˜L(2,R), we shall
show in Proposition 1 that both types of hyperbolic surfaces, geometrically finite
and infinite, can be realized as leaves of minimal foliations using the classical sus-
pension method from the representation of a Fuchsian group. In Section 3, we apply
three different methods, also classical in some sense, to construct other examples
of minimal foliations by geometrically infinite surfaces on this kind of manifolds, or
some which do not admit any geometric structure.
In the core of the paper, we deal with the construction of minimal foliations by
hyperbolic surfaces on hyperbolic 3-manifolds. Foliations by hyperbolic surfaces are
known to exist on closed hyperbolic 3-manifolds, see [4], [11] and [33]. Examples
without compact leaves have been constructed in [26] and [27]. Minimal foliations
by geometrically finite surfaces also appear as center-stable foliations of transitive
Anosov flows, which are known to exist on hyperbolic manifolds. Here, we present
two families of minimal examples with geometrically infinite leaves and different
transverse dynamics.
In Section 4, we construct foliations without holonomy. These can only exist in
fiber bundles over S1, see [35]. In [7], Cantwell and Conlon proved that the leaves
of any C2 foliation without holonomy are homeomorphic to the plane, the cylinder
or the hyperbolic surfaces with one or two nonplanar ends, see Figure 1. The only
closed 3-manifold admitting a C2 foliation by planes is T3 [30], whereas the closed
3-manifolds admitting a C2 foliation by cylinders are nilmanifolds [21]. We prove:
Theorem 1. Let M be a closed orientable hyperbolic 3-manifold that fibers over S1
with fiber Σ. Assume that the first Betti number b1 ≥ 2. Then M admits a minimal
foliation without holonomy F whose leaves are diffeomorphic to an abelian regular
cover of Σ.
In Section 5, we describe another method to obtain minimal foliations by ge-
ometrically infinite surfaces on hyperbolic 3-manifolds from the center-(un)stable
foliation of the Anosov flow on T 3A via branched coverings. More precisely, we prove:
Theorem 2. Let M be a closed orientable hyperbolic 3-manifold that fibers over
S1. Assume that the monodromy has oriented unstable manifolds and the stretch
factor is quadratic over Q. Then M admits a minimal transversely affine foliation
F whose leaves are geometrically infinite surfaces.
In both cases, up to a homeomorphism preserving the fibration, the monodromy
(and hence the manifold and the foliation) can be always assumed of class C∞.
Finally, in Section 6, we illustrate this construction via branched coverings with
two examples done with “bare hands”.
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All the examples we construct are R-covered since the leaf spaces of the lifted
foliations to H3 are diffeomorphic to R. Theorem 1 provides foliations without
holonomy which are uniform [33] since any two leaves in H3 are a bounded (in
fact, constant) distance apart. On the contrary, all the foliations obtained from
Theorem 2 are not uniform since they have the same transverse structure as the
unstable foliation of the Anosov flow on T 3A, see [4] and [33]. Using the continuous
extension property from [11], it is possible to adapt the argument of [6] describing
the universal circle of F and proving that it is a 2-sphere-filling Peano curve.
2. Some preliminaries
2.1. Foliations. A foliation by surfaces F on a closed 3-manifold M is given by a
C∞ atlas {(Ui, ϕi)} which consists of C
∞ diffeomorphisms ϕi : Ui → D × T from
open sets Ui that cover M to the product of an open disk D in R
2 and an open
interval T in R such that the change of coordinates has the form ϕi ◦ ϕ
−1
j (x, y) =
(ϕij(x, y), γij(y)) for every (x, y) ∈ ϕj(Ui∩Uj). Each Ui is called a foliated chart, a
set ϕ−1i ({x} × T ) being its transversal. The sets of the form ϕ
−1
i (D × {y}), called
plaques, glue together to form maximal connected surfaces called leaves. A foliation
is said to be minimal if all its leaves are dense. The tangent bundle TF and the
normal bundle NF = TM/TF are naturally trivialized on each foliated chart. The
foliation F is tranversely orientable ifNF is orientable. In this paper, we will always
consider transversely orientable C∞ foliations on closed oriented 3-manifolds.
In each foliated chart we can endow the plaques with a Riemannian metric, in
a continuous way. Gluing the local metrics with partitions of unity gives a Rie-
mannian metric on each leaf, which varies continuously in the C∞ topology. Each
leaf is then endowed with a conformal structure, or equivalently, with a Riemann
surface structure. According to [5] and [36], if all leaves are uniformized by the
Poincare´ half-plane H2, the uniformization map is continuous and leaves have con-
stant curvature −1. We say that F is a foliation by hyperbolic surfaces. Recall that
a hyperbolic surface S is the quotient of H2 under the action of a torsion-free dis-
crete subgroup Γ of the group PSL(2,R) of orientation preserving isometries of H2.
When Γ is of finite type we say that S is geometrically finite, else it is geometrically
infinite.
The following theorem summarizes some important results by Haefliger [18] and
Novikov [28], as well some improvements by Rosenberg [30] and Hector [21]:
Theorem 3. Let F be a foliation by surfaces of a compact 3-manifold M . Assume
F does not contain a Reeb component. Then the following properties are satisfied:
(1) M is irreducible if F is not defined by a S2-fibration over S1.
(2) Every leaf L of F is incompressible, i.e. if i : L →֒ M denotes the inclusion,
the induced map i∗ : π1(L)→ π1(M) is injective.
(3) Any closed transversal γ represents a nontrivial and non-torsion element of the
fundamental group of M , and therefore, π1(M) is infinite.
(4) If π1(M) does not contain a free group with two generators, then all leaves are
planes or cylinders, and F has both planar and cylindrical leaves when they are
hyperbolic.
2.2. Geometrization of surface bundles and 3-manifolds. Let Σ be a closed
orientable surface of genus g ≥ 1, and let ϕ : Σ → Σ be an orientation-preserving
homeomorphism. If g = 1, then ϕ is isotopic to a linear automorphism of the torus
T2. This is given by the 2× 2 matrix
A =
(
a b
c d
)
∈ SL(2,Z) (2.1)
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of the automorphism ϕ∗ : π1(T
2) → π1(T
2) with respect to the canonical basis m
and p of π1(T
2) = Z ⊕ Z. It is well-known the dynamical behavior of A is related
to | tr(A) | = |a+ d|. Indeed, if | tr(A) | < 2, A has finite order. If | tr(A) | = 2, up
to multiplication by −I, A is conjugated to a matrix of the form(
1 n
0 1
)
(2.2)
that fixes m = (1, 0). Finally, if | tr(A) | > 2, up to multiplication by −I, A has
eigenvalues λ > 1 and 1/λ < 1 which correspond to eigenvectors u±. The foliations
F±A generated by u
± are preserved by A, but the leaves of F+A and F
−
A are stretched
by a factor of λ and 1/λ respectively.
If g ≥ 2, according to a theorem of Thurston [32], the first two cases also appear,
although the third case is much more subtle. Namely, up to isotopy, one of the
following alternative holds:
(1) ϕ is periodic, i.e. there is an integer n ≥ 1 such that ϕn is the identity I.
(2) ϕ is reducible, i.e. ϕ preserves the union of finitely many disjoint essential simple
closed curves in Σ.
(3) ϕ is pseudo-Anosov, i.e. there is a pair of transverse singular foliations F±ϕ en-
dowed with transverse invariant measures µ± having no atoms and full support
and there is a real number λ > 1 such that the foliations F±ϕ are invariant by
ϕ but the measures ϕ∗(µ
+) = λµ+ and ϕ∗(µ
−) = (1/λ)µ−.
Let Mϕ be the mapping torus given as the quotient of Σ× [0, 1] by the equiva-
lence relation that identifies (x, 0) with (ϕ(x), 1). By construction, it has a natural
fibration f : Mϕ → S
1 induced by the trivial fibration p2 : Σ × [0, 1] → [0, 1]. If
g = 1, Mϕ satisfies one the following conditions:
(1) If ϕ is periodic, then Mϕ admits a R
3 geometric structure.
(2) If ϕ is reducible, then Mϕ contains an incompressible torus.
(3) If ϕ is Anosov, then Mϕ admits a Sol geometry.
If g ≥ 2, Thurston’s geometrization theorem for surface bundles [34] states:
(1) If ϕ is periodic, then Mϕ admits an H
2 × R geometry.
(2) If ϕ is reducible, then Mϕ contains an incompressible torus.
(3) If ϕ is pseudo-Anovov, then Mϕ admits an H
3 geometry.
Thurston’s geometrization conjecture was proved by Perelman and says that ev-
ery prime closed 3-manifold M , either has a geometric structure or it splits along
incompressible tori into pieces which admit a geometric structure and whose in-
teriors have finite volume. The eight geometric structures described by Thurston
derive from the simply connected manifolds S3, R3, and H3, the product manifolds
S2 × R and H2 × R, and the Lie groups Nil, Sol, and S˜L(2,R). In an equivalent
way, each prime closed 3-manifold M either has a geometric structure or it splits
along a family of disjoint incompressible tori as the union of hyperbolic manifolds
(which admit H3 geometries) and Seifert fibered pieces.
2.3. Foliated S1-bundles. Let Σ be a closed orientable surface of genus g ≥ 2.
Assume Σ = Γ\H2 is given by the action of a discrete subgroup Γ of PSL(2,R). The
product Σ×S1 is an example of foliation by hyperbolic surfaces, but more interesting
examples can be constructed as suspension of a representation ρ : Γ→ PSL(2,R).
Since ρ(Γ) acts on S1 = ∂H2, the circle at infinity of H2, we have a diagonal action
of Γ on H2×S1 giving rise to a S1-bundle M = Γ\(H2×S1) over Σ. The horizontal
foliation of H2 × S1 induces a foliation F whose leaves are diffeomorphic to the
hyperbolic surfaces Γz\H
2. Here, Γz = {γ ∈ Γ : ρ(γ)(z) = z} is the stabilizer of
z ∈ S1. The minimality of F is equivalent to that of the action of Γ on S1. Foliated
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S1-bundles are classified, up to C∞ isomorphism, by their Euler class e(ρ), which
is an integer such that |e(ρ)| ≤ 2g− 2. As remarked in [31], M admits a geometric
structure H2 × S1 or S˜L(2,R) depending on whether e(ρ) = 0 or e(ρ) 6= 0, and we
can state the following result:
Proposition 1. Any foliated S1-bundle M has a minimal foliation by geometrically
finite hyperbolic surfaces. If |e(ρ)| 6= 2g − 2, it also has a minimal foliation with
geometrically infinite leaves.
Proof. Consider ρ : Γ→ PSL(2,R) and let e(ρ) be its Euler class. As seen in [17],
if |e(ρ)| = 2g − 2 then ρ is discrete and faithful. In this case, M is the unit
tangent bundle of Σ and F is the center-stable foliation for the geodesic flow of Σ,
which is a minimal foliation by planes and cylinders. All the other Euler classes
admit both faithful and non-faithful representation, as proved in [8] and [14]. If
|e(ρ)| 6= 2g− 2, a faithful representation ρ is never discrete, so it is always minimal.
If ρ is faithful, then the stabilizer Γz of any point z ∈ S
1 is solvable, either trivial
or infinite cyclic, and therefore the leaf passing through z is either a plane or a
cyclinder. This proves that all foliated bundles admit minimal foliations by planes
and cylinders. Besides, all representations of nonnull Euler class correspond to
minimal actions, see [16, Theorem 2], and when |e(ρ)| 6= 0, 2g − 2, non-faithful
representations define minimal foliations with leaves of infinite type, by a result
of [3] mentioned earlier. Finally, by [37, Theorem 2], if ρ factorizes through a free
group or a free abelian group, then e(ρ) = 0. In this case, ρ has a nontrivial kernel,
and under the assumption that ρ(Γ) acts minimally on S1 (including for instance an
elliptic element of infinite order), the leaves we obtain are geometrically infinite. 
3. Minimal foliations by geometrically infinite surfaces:
variations on some classical constructions
In this section, we construct minimal foliations by geometrically infinite surfaces
in 3-manifolds with geometry H2 × R, but also without geometric structure.
3.1. Cut-and-paste constructions. We start by describing a classical procedure
for gluing handles to leaves of a foliation. Let F0 be a minimal foliation of codimen-
sion one of a closed manifold M0. We shall modify (M0,F0) in order to construct
another minimal foliated manifold (M,F) whose leaves are geometrically infinite.
Firstly, since F0 is minimal there is a closed transversal γ0 which meets all leaves.
Let V0 ∼= D × S
1 be a closed neighborhood of γ0 such that the foliation induced
by F0 is conjugated to the horizontal foliation by disks D × {z}. The manifold
M1 =M0− V˚0 obtained by removing the interior of V0 admits a foliation F1 which
is transverse to the boundary ∂M1 ∼= S
1 × S1. By construction, the foliation in-
duced by F1 on ∂M1 is conjugated to the horizontal foliation by circles S
1 × {z}.
Let Σ be the closed surface of genus g ≥ 1, and remove the interior of a small disk
D. The horizontal foliation F2 of M2 = (Σ − D˚) × S
1 induces the same foliation
on ∂M2 ∼= S
1× S1. If we glue together (M1,F1) and (M2,F2) using an orientation-
preserving C∞ diffeomorphism ψ : S1 × S1 → S1 × S1 respecting the horizontal
foliation by ‘meridians’, we obtain a foliated closed manifold (M,F) whose leaves
are geometrically infinite without planar ends (i.e. all neighborhoods of all ends
have infinite genus).
Definition 4. We say that (M,F) is obtained by Dehn surgery on a knotted or
unknotted closed transversal γ0. We can also replace γ0 with a link γ = γ1∪· · ·∪γk
transverse to F0
Example 5. Take a linear foliation F0 on T
3 given as the suspension of a representa-
tion ρ : π1(T
2) → Diffeo∞+ (S
1) sending m and p to rotations Rα(z) = e
2piiαz and
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(a) Infinitely many infinite Loch Ness monsters (b) Double Jacob’s ladder
Figure 1. Leaves obtained by gluing handles to linear foliations
Rβ(z) = e
2piiβz where α and β are linearly independent over Z. By Dehn surgery
on a closed transversal γ0, the leaves of F become infinitely many infinite Loch
Ness monsters or double Jacob’s ladders, see Figure 1. Now, let us discuss if M
admits some geometry or not by distinguishing several cases:
(i) Assume that γ0 is a fiber of the trivial fibration fromM0 = T
2×S1 onto T2 (up
to isotopy), and then ∂V0 is fibered by ‘parallels’. If the gluing map ψ preserves
the product structure of ∂M1 and ∂M2, then M has a structure of trivial S
1-
bundle over T2#Σ having a H2 ×R geometry. However, if ψ does not preserve
the fibration by ‘parallels’, then M is a graph-manifold, i.e. having a nontrivial
toral decomposition into Seifert fibered pieces. Indeed, both pieces M1 and M2
admit Seifert fibered structures inducing the same Seifert fibered structure on
their boundaries ∂M1 ∼= S
1 × S1 and ∂M2 ∼= S
1 × S1. But this structure is
not preserved by ψ. By gluing ∂M1 and ∂M2, we obtain an incompressible
torus T in M . Up to isotopy, we can assume that T belongs to a family of
incompressible tori defining a toral decomposition of M . The torus T is the
common boundary of two Seifert fibered pieces. But since ∂M1 and ∂M2 admit
a unique Seifert fibered structure (up to isotopy) induced by the Seifert fibered
structure of M1 and M2 [20, Lemma 1.15], we deduce that M is not a Seifert
fibered manifold.
(ii) In general, γ0 remains transverse to a linear foliation H0 by toral leaves, a
perturbation of F0. By changing coordinates of M0, we can assume that H0 is
the horizontal foliation of M0 = T
2 × S1. There is a 1-dimensional foliation L0
transverse to H0 which admits γ0 as leaf. If we pick a leaf of H0, homeomorphic
to T2, then L0 is the suspension of a homeomorphism ϕ of the torus T
2 with r
marked points given from the intersection of γ0. Therefore the pieceM1 admits
a Seifert fibered structure, a nontrivial toral decomposition, or a hyperbolic
structure depending on the mapping class of ϕ is periodic, reducible, or pseudo-
Anosov. In the last case, the manifold M consists of a hyperbolic piece and a
Seifert piece, and does not admit any geometric structure. If M1 has a Seifert
fibered structure, as in the case (i), the manifold M is a graph-manifold where
the gluing map ψ does not preserve the Seifert fibered structure of ∂M1 and
∂M2. But if ψ preserves the Seifert fibered structure of ∂M1 and ∂M2, then
M admits a Seifert fibered structure (having a H2 × R geometry). In fact, as
F is a foliation without holonomy transverse to the fibration, its Euler class is
zero. Indeed, we can apply [9, Theorem 3.4]) to the transverse fibrations over
S1 that approach F , or directly factorize the holonomy representation (in the
sense of [9, Theorem 3.5]) through SO(2).
Example 6. Take a torus bundle M0 over S
1 with linear monodromy of type (2.2).
This is a S1-bundle over T2 and its Euler class is n. We endow M0 with a foliation
F0 by dense cylinders using a procedure due to Hector [21]. To do so, we take
the product T2 × [0, 1] foliated by the fibers of the map p2(x, y, t) = y. We choose
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a diffeomorphim ϕ : T2 → T2 sending meridians to meridians which projects to
a diffeomorphism ϕ : S1 → S1. If its rotation number is irrational, the quotient
Mϕ = T
2 × [0, 1]/(x, y, 0) ∼ (ϕ(x, y), 1) inherits a minimal foliation by cylinders.
Moreover, if ϕ∗ is given by (2.2), thenMϕ is homeomorphic toM0. By Dehn surgery
on a closed transversal γ0, we have a foliated manifold (M,F) whose leaves have
two nonplanar ends. Any parallel p in the torus T 2×{0} defines such a transversal
γ0 that turns exactly once in the p direction. But this transversal is also induced
by its image ϕ∗(p) = p+ nm that turns n times in the S
1 or m-direction. If n 6= 0,
then M is a graph-manifold by the same argument used in Example 5. A similar
discussion applies when γ0 is any other closed transversal to F0.
3.2. Gluing suspensions along linear foliations. We propose another method
to construct minimal foliations with leaves of negative curvature on graph-manifolds.
Since PSL(2,R) is a perfect group, any irrational rotation Rθ is a product of
commutators, namely
Rθ = [f1, h1] · · · [fg, hg]
for any g ≥ 1. Let Σ be the closed surface of genus g and take Σ1 = Σ − D˚. The
fundamental group Γ1 = π1(Σ1) is a free group generated by classes αi and βi with
1 ≤ i ≤ g. Then one has a representation
ρ1 : Γ1 → PSL(2,R) ⊂ Diffeo
∞
+ (S
1)
which sends αi to fi and βi to hi and hence the product of commutators is sent
to Rθ. If we suspend ρ1, we obtain a foliation F1 on M1 = Σ1 × S
1 such that
F1|∂M1 is conjugated to the linear foliation Fθ defined by Rθ. The simple curve γ0
representing the sum of m and p in π1(T
2) is transverse to Fθ and hence we can
think of Fθ as the suspension of a diffeomorphism f : Γ0 → Γ0 where Γ0 is the
image of γ0. Since Diffeo
∞
+ (Γ0)
∼= Diffeo∞+ (S
1) is also perfect [23, Corollaire 5.3],
we can write f as a product of commutators, namely
f = [k1, l1] · · · [kn, ln]
for any n ≥ 1. Denoting by Γ2 = π1(Σ2) the fundamental group of the surface of
genus n with the interior of a disk removed, there is a new representation
ρ2 : Γ2 → Diffeo
∞
+ (Γ0)
∼= Diffeo∞+ (S
1)
which sends αi and βi (with 1 ≤ i ≤ n) to ki and li respectively. If we suspend
ρ2, we have a foliation F2 on M2 = Σ2 × Γ0 which is again transverse to ∂M2 and
such that F2|∂M2 is conjugate to the suspension of f . Finally, we can glue together
M1 and M2 along the boundary by a C
∞ diffeomorphism ψ : T2 → T2 which sends
Fθ to the suspension of f . Thus, we have a manifold M endowed with a minimal
foliation F , but the gluing map doesn’t preserve the Seifert fibrations on ∂M1 and
∂M2. Since the leaves of F are made of pieces, which are leaves of F1 and F2
having exponential growth with respect to the metrics induced on M1 and M2 by
any Riemannian metric on M , we deduce:
Proposition 2. Let (M,F) be a foliated 3-manifold which is obtained by gluing two
suspensions along a linear foliation. Then M is a graph-manifold and the leaves of
F are hyperbolic surfaces. 
3.3. Hirsch surgery. A third method to construct minimal foliations by hyper-
bolic surfaces on graph-manifolds is inspired by the classical Hirsch foliation. We
start with two tori T3 each endowed with a linear foliation by cylinders transverse
to the trivial fibration over T2, and we construct two foliated manifolds (M1,F1)
and (M2,F2) with boundary as follows. We choose a fiber as closed transversal γ1,
and we remove the interior of a closed neighborhood V1 ∼= D×S
1 to have a foliation
by cylinders with holes on a manifold with boundary M1 thus constructed. As in
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the cut-and-paste construction, the boundary ∂M1 ∼= S
1 × S1 is transverse to the
linear foliation and we can assume that the induced foliation is conjugate to the
horizontal foliation by circles S1×{z}. Next, we choose a closed transversal γ2 that
turns two times in the fiber direction, and similarly we obtain another foliation by
cylinders with holes on another manifold with boundary M2.
Finally, we take the closed unit disk D1 ⊂ C minus the interior of two disks D
±
2
of radius 1/4 centered at ±1/2, the product of a pair of pants P = D1 − D˚
−
2 ∪
D˚+2 and S
1, and the quotient M0 = P × S
1/(Z, z) ∼ (−Z,−z) with the foliation
induced by the horizontal foliation of P × S1. We attach M0 to M1 ⊔M2 via a
diffeomorphism ψ which sends the image of ∂D1 × S
1 in M0 onto ∂M1 and the
image of ∂D˚−2 × S
1 ⊔ D˚+2 × S
1 in M0 onto ∂M2 preserving the horizontal foliations
on each torus. We denote by ∂outM0 and ∂inM0 these two components of ∂M0.
Thus, we have a minimal foliation F on a manifold M which splits naturally into
three pieces: M0 andM1 are Seifert fibered (with one exceptional fiber and without
exceptional fibers respectively), but M2 admits a Seifert fibered structure, a toral
decomposition or a hyperbolic structure depending on the isotopy class of γ2 (as
in Example 5.(ii)). As the gluing map ψ does not preserve the Seifert fibered
structures induced on ∂outM0 and ∂M1, the toral decomposition of M is always
nontrivial, containing or not a hyperbolic piece. If M2 is Seifert fibered and the
Seifert fibered structure induced on ∂M2 is isomorphic to that of ∂inM0, then M
is graph-manifold. We say that (M,F) is given by Hirsch surgery from two linear
foliations on T3.
Proposition 3. Let (M,F) be a foliated 3-manifold given by Hirsch surgery from
two linear foliations on T3. There is a choice of the gluing map ψ such the all the
leaves of F are geometrically infinite hyperbolic surfaces with one or two ends and
trivial holonomy.
Proof. Take the singular fiber of M0 as closed transversal γ0 which meets all leaves,
and identify it with S1 (see Figure 2). We will describe the holonomy pseudogroup
Γ of the foliation F reduced to γ0. To do so, as the meridians in ∂Mi, ∂outM0
and ∂inM0 have no holonomy, we can assume without loss of generality that ψ
preserves the Seifert fibered structures of these tori. We also assume that the linear
foliations that constitute the starting point of the construction are given by two
irrational numbers α and β. Then the pseudogroup reduced to any fiber in ∂M1
is related to Γ by a pseudogroup equivalence Φ1 (in the sense of [19]) defining a
diffeomorphism (which is still denoted by Φ1) from this fiber onto γ0. Then Φ1
conjugates the rotation Rα(z) = e
2piiαz acting on each point z of the fiber to a
diffeomorphism Φ1◦Rα◦Φ
−1
1 acting on γ0. Similarly, the pseudogroup reduced to
any fiber in M2 is also related to Γ by another pseudogroup equivalence Φ2 defining
a new diffeomorphism (which is still denoted by Φ2 as before) from the fiber to
γ0. In this case, Φ2 is constructed by passing through a copy of γ2 in ∂M2 that
projects onto γ0 by the doubling map f(z) = z
2. Now Φ2 conjugates the rotation
Rβ(z) = e
2piiβz acting on each point z of the fiber to another diffeomorphism
Φ2◦Rβ◦Φ
−1
2 acting on γ0. If the gluing map ψ retricts to the identity for each
parallel in ∂outM0 and ∂inM0, then both parametrizations of γ0 coincide and the
holonomy pseudogroup is generated by the rotations Rα and Rβ up to conjugation.
Thus, there is a holonomy representation of π1(M) into the group of rotations
generated by Rα and Rβ so that the foliation F is without holonomy. The leaves of
F have one or two ends depending on whether α and β are linearly independent over
Z or not. Moreover, all leaves of F are geometrically infinite hyperbolic surfaces as
they contain infinitely many pairs of pants approaching all the ends. 
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γ1 γ0
M1 M0 M2
ψ|∂outM0 ψ|∂inM0
Φ1
Φ2
Figure 2. Gluing pieces for Hirsch surgery
A similar conclusion holds if we take linear foliations by planes instead of linear
foliations by cylinders.
4. Foliations without holonomy on hyperbolic 3-manifolds
From now on, we deal with the construction of minimal foliations on hyperbolic
3-manifolds. Under a homological condition that will be made precise next, it is
actually possible to construct foliations without holonomy proving Theorem 1.
4.1. A Tischler type construction. LetM be a fiber bundle over S1 with pseudo-
Anosov monodromy, and assume that its first Betti number b1 ≥ 2. From [15], there
is a C∞ diffeomorphism ϕ : Σ → Σ, called of pseudo-Anosov type, such that M is
homeomorphic to Mϕ by a homeomorphism preserving the fibrations of M andMϕ
over S1. Denote by f :Mϕ → S
1 the bundle map. Then the canonical 1-form dθ on
S1 lifts to a closed 1-form ω0 = f
∗(dθ) onMϕ. Let ω be a nonvanishing closed 1-form
on Mϕ which is C
∞ close to ω0 and such that its group of periods Per(ω) ∼= Z
r for
some 2 ≤ r ≤ b1. Recall that Per(ω) is the additive subgroup of R generated by the
set of integrals
∫
γi
ω where {γ1, . . . , γb1} are loops representing a basis ofH1(Mϕ,R).
The nonvanishing 1-form ω defines a foliation without holonomy F whose leaves
are diffeomorphic to the regular covering of Σ with deck transformation group Zr−1
(see [22, §VIII.1.1]). Since F has no holonomy and its leaves are non-compact,
Sacksteder’s theorem implies that it is minimal (see [22, Theorem VI.3.2]).
4.2. Action on homology of a pseudo-Anosov map. Now, we shall see how
all manifolds in the hypothesis of Theorem 1 can be obtained. Given the canonical
basis {[α1], [β1], . . . , [αg], [βg]}, the algebraic intersection number defines a symplec-
tic structure on the homology group H1(Σ,R) ∼= R
2g. Each orientation-preserving
homeomorphism ϕ : Σ → Σ induces an automorphism ϕ∗ : H1(Σ,R) → H1(Σ,R)
respecting this structure and hence the mapping class group Mod(Σ) admits a ho-
mology representation Ψ : Mod(Σ)→ Sp(2g,Z) on the symplectic group Sp(2g,Z).
The Torelli group T (Σ) is the subgroup of Mod(Σ) consisting of those elements
which act trivially on H1(Σ,R), that is, T (Σ) = KerΨ.
Definition 7. For each element ϕ ∈ Mod(Σ), we denote by k(ϕ) the dimension
of the invariant subspace of H1(Σ,R) which is fixed by ϕ∗. We say ϕ is partially
Torelli of order k(ϕ). In particular, if ϕ ∈ T (Σ), then k(ϕ) = 2g.
By Wang’s homology sequence, the first homology group H1(Mϕ,R) ∼= R
k(ϕ)+1
and the first Betti number b1 = k(ϕ) + 1. Examples of pseudo-Anosov maps in the
Torelli group were constructed by Thurston in [32]. In fact, for any 0 ≤ k ≤ 2g,
there exist pseudo-Anosov maps which are partially Torelli of order k. Explicit
examples have been constructed in [1] when k > 0 and in [29] when k = 0. This
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proves that any hyperbolic surface bundle over S1 having first Betti number b1 ≥
2 actually has a foliation without holonomy by geometrically infinite surfaces of
polynomial growth.
5. Foliations via branched coverings
In this section, we are interested in a very general method for adding topological
complexity to the ambient manifold and the leaves of a foliation, which is valid in
any dimension. Let π :M →M0 be a branched covering between closed 3-manifolds
with branch locus B0 ⊂ M0 and ramification locus B ⊂ M of dimension one. In
fact, we assume that the branch locus B0 has no 0-dimensional stratum, that is, B0
is a union of simple closed curves. We also assume that F0 is a foliation by surfaces
of M0 transverse to B0. Then F0 lifts to a foliation by surfaces F of M that
coincides with the usual lifted foliation π∗F on the complement of B = π−1(B0).
Indeed, if F0 is given by a 1-form ω0 on M0 satisfying the (closed) integrability
condition ω0 ∧ dω0 = 0, we can modify the differentiable structure of M along a
tubular neighborhood of B to match fibers (which are branched covers of the fibers
of a tubular neighborhood of B0) with disks tangent to F . Then ω0 can be lifted to
a 1-form ω which has no singularities and defines F on M −B. By continuity, the
integrability condition ω ∧ dω = 0 holds on the whole manifold M . Next we apply
this method to construct minimal foliations by geometrically infinite surfaces on a
large family of hyperbolic 3-manifolds that fiber over S1.
5.1. Minimal foliations on hyperbolic 3-manifolds. Let ϕ : Σ → Σ be an
orientation-preserving pseudo-Anosov homeomorphism, and assume the measured
foliations F+ϕ are orientable.
Definition 8. We say ϕ is of Franks-Rykken type if there are a hyperbolic toral
automorphism A : T2 → T2 and a branched covering π0 : Σ→ T
2 such that π0 is a
semiconjugacy from ϕ to A that makes the following diagram commute:
Σ Σ
T2 T2
ϕ
pi0 pi0
A
(5.1)
The branched covering π0 : Σ→ T
2 extends to a branched covering π :Mϕ → T
3
A
such that f0◦π = f where f : Mϕ → S
1 and f0 : T
3
A → S
1 are the fibrations of the
mapping tori of ϕ and A respectively. In [13], Franks and Rykken give a necessary
and sufficient condition to have monodromy of this type: the stretch factor of ϕ
must be quadratic over Q. Consequently, we can reformulate Theorem 2 as follows:
Theorem 9. Let M = Mϕ be a closed orientable hyperbolic 3-manifold that fibers
over the circle S1. Asume that the monodromy ϕ is of Franks-Rykken type. Then
M admits a minimal transversely affine foliation F whose leaves are geometrically
infinite hyperbolic surfaces.
Proof. Firstly, up to conjugation by a homeomorphism isotopic to the identity, we
can assume that ϕ is a C∞ diffeomorphism of both pseudo-Anosov and Franks-
Rykken type. Then the branched covering π0 : Σ → T
2 in Diagram (5.1) extends
to a branched covering π :M → T3A from the hyperbolic 3-manifold M to the solv-
able 3-manifold T3A. We shall apply the announced method to the center-unstable
foliation F0 of the Anosov flow (see Section 1). By construction, the branch locus
B0 of π is a link in T
3
A made up of periodic orbits O1, . . . ,On of the Anosov flow
and its ramification locus B is a link inM made up of periodic orbits of the pseudo-
Anosov flow whose component project diffeomorphically onto the orbits Oj . But
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replacing the orbits O1, . . . ,On by isotopic closed transversals γ1, . . . , γn to both
the fibration f0 and the foliation F0, the branch locus B0 becomes transverse to
both f0 and F0. We lift F0 to a foliation by surfaces F on M such that B is trans-
verse to both the fibration f and the foliation F . By minimality, each component
γj of B0 is a complete transversal to F0 (i.e. it meets all leaves) and therefore
each component of B is also a complete transversal to F . The local description of
the branched covering around this complete transversal tells us that the holonomy
pseudogroups of the foliations F0 and F are conjugate. Therefore, F0 and F share
the same transverse structure and hence F is minimal and transversely affine.
On the other hand, each leaf L ∈ F is a branched cover of some leaf L0 ∈ F0.
Let πL : L → L0 be the branched covering we are considering, and let d be the
covering degree of πL. It is smaller than or equal to the degree of π and may
depend on L. By minimality, L0 contains countably many branch points in each
component of B0, and each end of L0 is approached by these branch points. The
leaf L also contains countably many ramification points with the same index in each
component of B, and each end of L is also approached by these ramification points.
We cover L0 by an increasing sequence of closed disk or cylinders Dk (depending on
whether L0 is a plane or a cylinder) that contain a finite number of branch points
p1, . . . , pk. Then L can be covered by an increasing sequence of branched covers
D′k = π
−1
L (Dk) with degre d and ramifications points q1, . . . , ql such that qj has
ramification index 2 ≤ ej ≤ d. Now, the Riemann-Hurwitz formula implies that
χ(D′k) = dχ(Dk)−
∑l
j=1(ej − 1) ≤ d− l is not bounded from below. Consequently,
all leaves of F have infinite genus. Indeed, if L0 is a planar leaf (resp. cylindrical
leaf), then L admits at most d ends (resp. 2d ends). Let us show this for a planar
leaf L0. If the disk Dk ⊂ L0 is sufficiently large, then D
′
k = π
−1
L (Dk) is connected.
Given a non-branched base point x0 ∈ Dk, consider π
−1
L (x0) = {z0, . . . , zd−1} and
take a path σj in L which joins z0 to zj and evades the ramification points for
j = 1, . . . , d− 1. If Dk is large enough so as to include all the images πL(σj), then
the component of D′k which contains z0 contains all zj , by the path lifting property.
Therefore D′k is connected. Then the number of connected components of L − D˚
′
k
is at most d. Since {D′k} is an exhausting sequence of L, we conclude that L has
at most d ends. Since χ(D′k) converges to −∞ as k goes to +∞, the leaf L has
infinite genus. In fact, each end is nonplanar. 
5.2. Action on homology of pseudo-Anosov maps of Franks-Rykken type.
As in Section 4, it is natural to ask about the action on homology of a pseudo-
Anosov map ϕ : Σ→ Σ making commutative Diagram (5.1). This induces another
diagram
H1(Σ,R) H1(Σ,R)
H1(T
2,R) H1(T
2,R)
ϕ∗
(pi0)∗ (pi0)∗
A∗
(5.2)
in homology. Since A∗ fixes no nontrivial subspace of H1(T
2,R), we have that the
subspace of H1(Σ,R) fixed by ϕ∗ is contained in the kernel of (π0)∗. Therefore, its
dimension k(ϕ) ≤ 2g − 2 and hence Mϕ has first Betti number b1 ≤ 2g − 1. In
Section 6, we will construct two examples from pseudo-Anosov maps with stretch
factor quadratic over Q and Torelli order k = 0, but we do not know examples with
1 ≤ k ≤ 2g − 2.
6. Two examples
Here, we illustrate Theorem 2 by describing two specific examples:
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a
a′
a
Figure 3. 2-fold branched covering of D
6.1. An even number of branch points. Let T3A be the solvable 3-manifold
obtained from the suspension of Arnold’s cat map
A =
(
2 1
1 1
)
. (6.1)
We still denote by F0 the center-unstable foliation of the Anosov flow, and we
exemplify Theorem 2 by constructing directly a branched cover of T3A endowed
with a foliation by hyperbolic surfaces obtained from F0. For any even number
n = 2g − 2 with g ≥ 2, we choose n periodic points p1, . . . , pn of A and the
corresponding periodic orbits O1, . . . ,On of the Anosov flow. Up to replacing A
by one of its powers Am, we can actually assume that p1, . . . , pn are fixed by A
m.
In fact, we assume it has one more fixed point x0. As explained by Laudenbach
in [10, Expose´ 13], there is a closed surface Σ of genus g which is the total space of
a 2-fold branched covering of the torus T2 with branch points p1, . . . pn. Indeed, if
m and p are the generators of π1(T
2) and α1, . . . , αn are the classes represented by
simple loops which surround p1, . . . , pn counterclockwise, the fundamental group
π1(T
2 − {p1, . . . , pn}, x0) is a free group generated by m, p and α2, . . . , αn, or
equivalently given by
π1(T
2 − {p1, . . . , pn}, x0) = | m, p, α1, . . . , αn : [m, p]
n∏
j=1
αj = 1 |.
As n is even, there is a representation
ρ : π1(T
2 − {p1, . . . , pn}x0)→ Z/2Z (6.2)
such that ρ(m) = ρ(p) = 0¯ and ρ(αj) = 1¯ for every j = 1, . . . , n. Let π0 : Σ→ T
2 be
the branched covering associated to (6.2), which can be also constructed as follows:
(1) we choose a small closed disk Dj centered at pj ,
(2) we take the 2-fold branched covering π0 : D
′
j → Dj with branch point pj which
is associated to the representation ρj sending the generator αj of π1(Dj−{pj})
to the generator of Z/2Z (see Figure 3),
(3) we remove the interiors of the disks Dj and we glue together the 2-fold regular
covering of T2 −
⊔n
j=1 D˚j defined by the representation (6.2) and the 2-fold
covers D′j using a diffeomorphism from each ∂D
′
j to the 2-fold cover of each
∂Dj.
The Riemann-Hurwitz formula tells us that χ(Σ) = 2χ(T2)−
∑n
j=1(ej−1) = 2−2g,
where ej = 2 is the index of the unique ramification point over pj. By the path
lifting property, since the isomorphism induced by Am preserves the kernel of ρ, Am
lifts to pseudo-Anosov homeomorphism ϕ : Σ → Σ with the same stretch factor.
Now, as in the proof of Theorem 2, we consider an isotopy between Oj and a closed
transversal γj to both f0 and F0 and we construct a 2-fold branched cover M of
T3A with branch locus γ =
⊔n
j=1 γj as follows:
(1) we choose a tubular neighborhood ψj : Dj × S
1 → Vj of γj = ψ({0} × S
1) such
that Dpj = ψj(Dj×{z}) is a disk in the leaf of F0 passing through pj = ψj(0, z),
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z1
z2 z3
z4
Figure 4. Flat sphere glued from two squares
(2) we take a 2-fold branched covering π0×id : D
′
j×S
1 → Dj×S
1 with branch locus
γj which is defined by the representation sending the generator αj of the first
direct summand of π1
(
(Dj −{pj})× S
1
)
∼= π1(Dj −{pj})⊕Z to the generator
of Z/2Z and the generator of the second direct summand to 0,
(3) we remove the interiors of the tubular neighborhoods Vj and we glue together
the 2-fold regular cover of T3A −
⊔n
j=1 V˚j defined by the trivial extension of the
representation (6.2) and the 2-fold covers D′j × S
1 using a diffeomorphism from
each ∂D′j × S
1 to the 2-fold cover of each ∂Vj ∼= ∂Dj × S
1.
By construction, M is homeomorphic to Mϕ and F0 lifts to foliation F ofM whose
leaves are 2-fold branched coverings of the leaves of F0 with countably many branch
points. Reasoning as in the proof of Theorem 9, no leaf has a planar end.
6.2. Four branch points. Let d and a1, a2, a3, a4 be integers such that
0 < aj ≤ d , gcd(d, a1, a2, a3, a4) = 1 ,
4∑
j=1
aj = 0 (mod d). (6.3)
Given four distinct points z1, z2, z3, z4 ∈ C, we consider the Riemann surface
Σd(a1, a2, a3, a4) = { (z, w) ∈ C
2 |wd = (z − z1)
a1(z − z2)
a2(z − z3)
a3(z − z4)
a4 }.
This is a branched cover of the Riemann sphere CP 1 where the covering map is
the projection onto the z-factor and the branch points are z1, z2, z3, z4. The group
of deck transformations is the cyclic group Z/dZ formed by the transformations
τ(z, w) = (z, ζw) where ζ is a primitive d-th root of unity. As explained in [12], up
to a factor, the quadratic differential q = (dz)2/(z−z1)(z−z2)(z−z3)(z−z4) defines
a flat structure on CP 1 with singularities at z1, z2, z3, z4, which can be obtained
by identifying the boundaries of two squares when points zj are well chosen, for
example zj = i
j, see Figure 4. Thus, the total space of the branched covering
π : Σd(a1, a2, a3, a4) → CP
1 is a square-tiled surface, which contains gcd(d, aj)
ramification points over each point zj with index d/gcd(d, aj).
If d is even and all aj are odd, there is a holomorphic form ω such that ω
2 =
π∗q and then Σd(a1, a2, a3, a4) is a translation surface. By the Riemann-Hurwitz
formula, the Euler characteristic of Σd(a1, a2, a3, a4) is given by
χ(Σd(a1, a2, a3, a4)) = dχ(CP
1)−
4∑
j=1
gcd(d, aj)
(
d/gcd(d, aj)−1
)
=
4∑
j=1
gcd(d, aj)−2d
and hence Σd(a1, a2, a3, a4) has genus
g = d+ 1−
1
2
4∑
j=1
gcd(d, aj). (6.4)
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By choosing aj such that gcd(d, aj) = 1, we deduce from (6.4) that Σd(a1, a2, a3, a4)
is a closed surface of genus g = d − 1. Then Σd(a1, a2, a3, a4) appears as a d/2-
fold branched cover of T2 with four branch points and exactly one ramification
point over each branch point. For example, the translation surface Σ4(1, 1, 1, 1)
represented in Figure 5 is a 2-fold branched cover of T2 with four branch points,
see [12].
By construction, the regular branched covering π : Σd(a1, a2, a3, a4) → CP
1 is
associated to the homomorphism
ρ : π1(CP
1 − {z1, z2, z3, z4}, x0) = | αj :
4∏
j=1
αj = 1 | → Z/dZ
given by ρ(αj) = aj , where αj is the element represented by a simple loop (with
base point x0) which surrounds zj counterclockwise. Now consider the involution
J : T2 → T2 given by J(x, y) = (−x,−y). This is a hyperelliptic involution with
four fixed points p1, p2, p3, p4. The action generated by J yields a 2-fold branched
cover q : T2 → CP 1 and we can arrange q(pj) = zj . Then q is associated with the
homomorphism
φ : π1(CP
1 − {z1, z2, z3, z4}, x0)→ Z/2Z
given by φ(αj) = 1¯. Notice that φ is the composition of the homomorphism ρ with
the canonical projection of Z/dZ onto Z/2Z. Therefore the branched covering π
splits as
Σd(a1, a2, a3, a4)
pi0−→ T2
q
−→ CP 1.
Now the d/2-fold branched covering π0 : Σd(a1, a2, a3, a4) → T
2 is regular, associ-
ated to the homomorphism
ρ0 : π1(T
2 − {p1, p2, p3, p4}, x0)→ Ker(Z/dZ→ Z/2Z) ∼= Z/(d/2)Z. (6.5)
Given any hyperbolic automorphism A of T2 which leaves each pj and the base
point x0 fixed, there is a large enough m such that ρ0◦A
m
∗ = ρ0 since the set
Hom(π1(T
2 − {p1, p2, p3, p4}, x0),Z/(d/2)Z)
is finite. It follows that the kernel of ρ0 is preserved by the action of A
m and then Am
lifts to a pseudo-Anosov homeomorphism ϕ : Σd(a1, a2, a3, a4)→ Σd(a1, a2, a3, a4).
Let Oj be the periodic orbit of the Anosov flow that is given by the fixed point
pj of A
m. There is a isotopy between Oj and a closed transversal γj to both the
fiber bundle over S1 and the foliation F0. Let M be the d/2-fold branched cover of
T3A with branch locus γ =
⊔4
j=1 γj constructed as follows:
(1) we choose a tubular neighborhood ψj : Dj × S
1 → Vj of γj as before,
(2) we take a d/2-fold branched covering π0 × id : D
′
j × S
1 → Dj × S
1 where the
generator of π1(D − {0}) is now sent to the generator of Z/(d/2)Z,
(3) we remove the interiors V˚j ∼= D˚j × S
1 from M , we take the d/2-fold covering of
M − V˚ defined by trivial extension of the representation (6.5), and we attach
four copies of the d/2-fold branched cover D′j×S
1 using a diffeomorphism from
each ∂D′j × S
1 to the d/2-fold cover of each ∂Vj ∼= ∂Dj × S
1.
As previously, F0 turns into a foliation F on M whose leaves are d/2-fold branched
coverings of the leaves of F0 with countably many branch points. There are one
ramification point with ramification index d/2 over each branch point. Riemann-
Hurwitz formula tells us again that any leaf has infinite genus and no end is planar.
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Figure 5. The translation surface Σ4(1, 1, 1, 1)
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